Abstract. We show that a smooth radially symmetric solution u to the graphic Willmore surface equation is either a constant or the defining function of a half sphere in R 3 . In particular, radially symmetric entire Willmore graphs in R 3 must be flat. When u is a smooth radial solution over a punctured disk D(ρ)\{0} and is in C 1 (D(ρ)), we show that there exist a constant λ and a function β in C 0 (D(ρ)) such that u ′′ (r) = λ 2 log r + β(r); moreover, the graph of u is contained in a graphical region of an inverted catenoid which is uniquely determined by λ and β(0). It is also shown that a radial solution on the punctured disk extends to a C 1 function on the disk when the mean curvature is square integrable.
Introduction
A Willmore surface in R 3 is a smoothly immersed surface that satisfies the equation
where H = κ 1 + κ 2 and K = κ 1 κ 2 are the mean curvature and the Gauss curvature of the surface respectively and ∆ g is the Laplace-Beltrami operator in the metric g on the surface, which is induced from the Euclidean metric in R 3 via the immersion. For a smooth graph (x, y, u(x, y)) in R 3 , the area element is v = 1 + |Du| 2 and H = div Du v , where D is the Euclidean gradient operator on functions in the xy-plane. Fro graphs, as shown in [3] , the Willmore surface equation (1.1) can be written in an elegant form:
Inspired by the classical theorem of Bernstein for the minimal surface equation, one asks when an entire Willmore graph is a plane. An entire smooth solution to (1.2) is shown to be affine if H is square integrable [2] , [5] ; the approach taken in [2] is geometric in nature, rather than dealing with the fourth order partial differential equation directly. It has remained an interesting open question on the radially symmetric case: is an entire radial solution to (1.2) constant? In this paper, we answer this question affirmatively.
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(1) if a = 0, then u ≡ c; (2) if a = 0, the graph is contained in a half sphere centered at (0, 0, c) of radius
Consequently, a global radially symmetric solution to (1.2) must be constant. The main observation in this paper can be summarized as follows. The fourth order equation (1.2) reduces to a third order equation due to its divergence free structure; the latter further reduces, in the radially symmetric case, to an ordinary differential equation of second order for u ′ since the zeroth order term u itself is absent from the equation (1.2). The singularity at r = 0 in the second order equation is surprisingly mild. Even more, the difference of any two solutions to the second order equation satisfies an equation which admits a contraction property that leads to uniqueness of solutions to an initial value problem. The desired rigidity then follows. In section 2 we will prove Theorem 1.1.
In section 3, we will extend the techniques developed in section 2 to study radially symmetric solutions with a point singularity at the origin. Our main focus is to classify the radially symmetric solutions to the Willmore surface equation on a punctured disk D(ρ)\{0}, which is in C 1 (D(ρ)). Such a solution u will be shown to have the following decomposition property:
which is equivalent to the mean curvature decomposes as:
Further, we will prove that such a surface is contained in the image of an inversion in R 3 of a catenoid, where the inversion and the catenoid are uniquely determined by the information at the origin: λ and β(0) (or equivalently γ(0)). We now describe the corresponding catenoid and inversion.
A catenoid C c may be defined by the parametrization
where c = 0 (here we allow c < 0). The inversion of this catenoid under the mapping
is a closed surface with 0 ∈ R 3 as its only nonsmooth point, in particular, away from finitely many circles that are perpendicular to the z-axis, the inverted catenoid can be written as several graphs over the xy-plane, among them, we will identify which one contains the graph of u (translated by the constant vector (0, 0, u(0))). Let
be the distance of I a (F c (t, θ)) to the z-axis. Direct computations shows that h has only finitely many critical points and denote them by t 1 < · · · < t m . Then the inversion of
) consists of the following m + 1 graphs
where the first one and the last one are graphs over a punctured disk and the rest are graphs over an annulus. Let
The disk D(R c,a ) in the xy-plane is the largest domain over which Σ c,a can be defined (see Section 3.2 for more details). The regularity assumption u ∈ C 1 (D(ρ)) in Theorem 1.2 will be shown to hold when the mean curvature H is square integrable over D(ρ). (1) and (2) in Theorem 1.2 hold.
For rigidity of Willmore surfaces in R 3 that are not necessarily graphs, Bryant showed [1] , among other things, that an embedded closed Willmore surface of genus zero must be a round sphere; Rigoli [6] showed that for a complete Willmore immersion f : Σ → R 3 , if there exists a vector a ∈ R 3 such that n + Hf, a ≡ 0, then f (Σ) must be a plane.
Smooth Radially symmetric solutions
Let f be a smooth radially symmetric function defined on the disk D(ρ) in R 2 centered at the origin with radius ρ ∈ (0, ∞]. The divergence of the smooth radial vector field
, where r = x 2 + y 2 for (x, y) ∈ R 2 , is given by divX = (rf )
Moreover, f ′ (0) must be 0. In fact, if we setf (x, y) = f (r), thenf (x, y) =f (−x, −y). It follows that bothf x andf y vanish at the origin; hence
Now consider the graph defined by a smooth radially symmetric function u(r) on D(ρ). Letting w = u ′ , we have
Note that
We calculate the mean curvature of the graph as follows
Two consequences are immediate. First, at the origin, we have
Second, we have
To simplify the divergence free radial vector field in the Willmore surface equation (1.2), we first compute
Next, we convert the partial derivatives in x, y of the radially symmetric functions u, vH into the derivatives in r:
It follows by substituting (2.6) into (2.5) that
Define a radially symmetric function by
(2.8)
Using (2.2), (2.4) and (2.7), we find for some constant C. Furthermore, for any 0 < r 0 < ρ, integrating the Willmore equation (2.10) and using Stokes' theorem
Thus, C = 0. ✷ Then, Lemma 2.1 and (2.9) yield Lemma 2.2. F = (x, y, u(r)) is Willmore if and only if
For (2.12), we now establish a uniqueness result for an initial value problem.
Lemma 2.3. There exists ǫ > 0 such that the equation (2.12) has at most one solution on [0, ǫ] with initial data w(0) = 0, and w ′ (0) = a.
Proof. Let w 1 and w 2 be solutions to (2.12) on [0, r 0 ] for some r 0 > 0. Then we have
We have
+3 w To estimate the three terms on the right hand side of the above identity, we first observe
There exists some positive constant C(Λ) which depends only on Λ such that:
where C depends only on Λ and r 0 . Let φ = w 1 − w 2 . We have φ(0) = φ ′ (0) = 0, hence lim r→0 + φ r = 0; therefore by (2.13),
By (2.16),
where r ∈ (0, r 0 ]. Given r 1 ∈ (0, r 0 ) ∩ (0,
which is impossible. Therefore, (rφ) ′ = 0 on [0, r 1 ]. It follows that rφ is a constant which must be 0 since φ(0) = 0. We conclude that φ = 0 on [0, r 1 ]. Then w 1 = w 2 on [0, ǫ] for ǫ = min{r 0 ,
}. ✷
Proof of Theorem 1.1: We divide the proof into two cases. 1) When a = 0, it is clear that 0 is solution to (2.12). Since w = u ′ is also a solution to (2.12), by Lemma 2. ), which is the maximum interval on which w is defined. Then
where c is a constant and r ∈ [0, 1 |a|
). ✷
For an entire radial solution to (1.2), the second case in Theorem 1.1 cannot occur. Therefore, we have Corollary 2.4. A smooth radially symmetric Willmore graph F = (x, y, u(r)) must be a plane that is parallel to the xy-plane.
Radially symmetric solutions with a point singularity
In this section, we study radially symmetric Willmore surface which has a singularity at (0, 0, 0). 3.1. Regularity and uniqueness of solutions. Examining the proof of Lemma 2.2, due to the singularity at 0, we can only conclude from (2.11) that f = λ r for some λ ∈ R, while λ = 0 when u is smooth at 0. Therefore, the equation for w = u ′ takes a different form when singularity presents. We have for some λ ∈ R where f is defined in (2.9), i.e. F = (x, y, u(r)) is Willmore if and only if
where
We now establish a uniqueness result for an initial value problem of (3.1). 
From (3.2), we may find
and
Moreover,
Applying (2.14), similar to the proof of (2.16) by using (3.3) instead of (2.15), we have
Then using the arguments in (2.17), we have
≤ 4Cr r log 2 r − 2r log r + 2r (tφ)
where r ∈ (0, r 0 ]. Given r 1 ∈ (0, r 0 ), such that 4Cr 1 r 1 log 2 r 1 − 2r 1 log r 1 + 2r 1 ≤ 1 2 .
If (rφ)
′ is not identically 0 on [0, r 1 ], then we can find r 2 ∈ (0, r 1 ], such that
Thus, (3.4) yields
which is impossible. Therefore, (rφ) ′ = 0 on [0, r 1 ], which implies that
log r exists.
Proof. We assume |w| < ǫ 1 < 1 on (0, a], a ≤ a 0 , a < 1. First of all, we prove
where C is a positive constant depends only on a, w ′ (a), λ and the upper bound of w in [0, a]. For simplicity, we will use C to denote some uniform constant in the rest of the proof.
Multiplying both sides of (3.1) by w and then integrating from r to a, since wϕ ≥ 0, we have
Then integrating by parts implies
then applying integration by parts again and absorbing the terms evaluated at a into C, we have
Rearranging terms, we arrive at
To estimate (rw(r)) ′ , integrating (3.1) again, (rw(r))
Then, absorbing the terms evaluated at a into a uniform constant C, we have
Putting (3.8) into (3.6) and recalling |w| < ǫ 1 , we get
and in turn we conclude the proof of (3.5).
Secondly, we prove |w(r)| < Cr log 1 r . (3.9) By (3.5) and (3.8),
Fix an ǫ 2 ∈ (0, 1) and choose a ′ such that |w| < ǫ 2 /C on (0, a ′ ). It is well-known that
Then
Thus
and (3.9) is established by dividing r 1−ǫ 2 . Now we can finish the proof. Putting (3.9) into (3.5), we are led to
For convenience, set
which is continuous in [0, a] by (3.10). By (3.7),
Thus,
It is easy to check that the function w(r) − λ 2 r log r is differentiable at 0 with derivative
where c = 0. The inversion of C c under the map I a : R 3 → R 3 defined in the introduction is given by
is the surface of revolution generated by rotating the curve
about the z-axis. Since h(+∞) = h(−∞) = 0, h has at least 1 critical point. Direct calculation shows that h has only finitely many (in fact, at most three) critical points. A tangent vector of σ is given by σ ′ (t) = (h ′ (t), 0,h ′ (t)), so t is a critical point of h if and only if the tangent line of σ(t) is parallel to the z-axis. Let t 1 < · · · < t m be the critical points of h and set t 0 = −∞, t m+1 = +∞, then I a (F c ((t i , t i+1 ) × S 1 )) is a graph over D(h(t i+1 ))\D(h(t i )), which cannot be extended as a smooth graph over a larger domain, where i = 0, · · · , m. Lemma 3.4. Given λ, b ∈ R, there exists a unique pair of numbers c and a, such that Σ c,a is the graph of a function U(r) with
Moreover, U ′ satisfies the equation (3.1).
Proof. After changing parametrization, a catenoid can be written as (ρ cos θ, ρ sin θ, u(ρ)), where u(ρ) = c arccosh ρ |c| .
In this parametriation, R = ρ 2 + (u(ρ) − a) 2 . Suppose Σ c,a is the graph of U(r). We have
We now calculate the expansion of U at r = 0. It is clear
By the definition of Σ c,a ,
→ +∞ as ρ → +∞, then by taking log of e u(ρ) c
we are led to
Using (3.11), we get
= −c log r + c log 2 − c log |c| + o(1), as ρ → +∞.
By (3.12), U(r) = −cr 2 log r + (c log 2 − c log |c| − a)r 2 + o(r 2 ), as r → 0.
It follows that U(r) + cr 2 log r is in C 2 ([0, ρ)) and lim r→0 + (U ′′ (r) + 2c log r) = 2(c log 2 − c log |c| − a) − 3c.
Then the uniquely determined Σ c,a is the graph of U. We now prove lim r→0 + w(r) = 0. Assume there is a sequence r k → 0, such that w(r k ) → c = 0, where c may be ∞. Define
Obviously, w k (1) = w(r k ) → c as k → ∞. We may assume that the unit normal vector n k (p) of Σ k at p = (1, 0, 0) converges to a unit vector α which is not orthogonal to the xy-plane, i.e. α · (1, 0, 0) = 0. (3.15) This is because the angle between the tangent plane T p Σ k and the xy-plane is uniformly bounded away from 0 when c = 0. Thus, we may assume that Σ k is the graph of some functionũ k (y, z) near p over the yz-plane. For convenience, we setF k = (ũ k (y, z), y, z) and e = ∂F k ∂y . Since Σ k is radially symmetric, the unit circle {(cos θ, sin θ, 0) : θ ∈ [0, 2π)}
